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Abstract 

We study Klyachko models of SL{n,F), where F is a nonarchimedean local field. In 
particular, using results of Klyachko models for GL(n,F) due to Heumos, Rallis, Offen and 
Sayag, we give statements of existence, uniqueness, and disjointness of Klyachko models 
for admissible representations of SL(n, i^), where the uniqueness and disjointness are up to 
specified conjugacy of the inducing character, and the existence is for unitarizable represen- 
tations in the case F has characteristic 0. We apply these results to relate the size of an 
L-packet containing a given representation of Sh{n,F) to the type of its Klyachko model, 
and we describe when a self-dual unitarizable representation of SL(n,_F) is orthogonal and 
when it is symplectic. 



Introduction! 



Let -F be a field, let Um{F) denote the group of m-by-m unipotent upper triangular matrices 
over F, and let Mm,i{F) be the set of m-hy-l matrices over F (not necessarily invertible). For 
each integer k satisfying < 2A: < n, define the subgroup Gj- of GL(n, F) by: 



Gk 



N X 
S 



N G Un-2k,Se Sj>{2k,F),X E Mn-2kMF) ) ■ (1-1 



Fix a nontrivial additive character 9 : F^ — > C, and for each k, define a character ip^ on G^ as 
follows: 



(N X \ /n—2k—l \ 

g j , and = {uij), then define ipkig) = 6* I ^ Oj^i+i 1 . (1.2 



In other words, Vfc is only non-trivial on the unipotent factor of Gk- When n = 2m, then 
1pm is just the trivial character on the subgroup Gm = Sp(2m, F), and when k = 0, ipk is a 
nondegenerate character of the unipotent subgroup Un{F) of GL(n,F). 

Suppose that F = Fg is a finite field, let G = GL(n,Fq), and for each k, < 2k < n, 
define the induced representation T^. = Indg (^fc). Klyachko [7] proved that for any complex 
irreducible representation (tt, F) of G, dime Home (vr, T^) < 1 for every k, and there exists a 
unique k, < 2k < n, such that dime Home (vr, T^) = 1. 

We call an embedding of the representation (vr, V) in the induced representation Tj. a Kly- 
achko model of the representation vr. Klyachko's original result states that every irreducible 
representation of GL(n, ¥q) has a unique Klyachko model, and in particular, all of the induced 
representations Tk are multiplicity-free, and Tk and Ti have no isomorphic sub-representations 
when k ^ I. 



2000 Mathematics Subject Classification. Primary 22E50 

Key words and phrases. Klyachko model, p-adic special linear group, multiplicity one, L-packets, self-dual 
representations 



1 



Now consider the case that -F is a nonarchimedean local field, with G = GL(n, F). For each 
k, < 2k < n, define the representation by 

Tfc = Indg^(V'fc), 

where Ind denotes the ordinary (non-normalized) induced representation for a locally compact 
totally disconnected group. In this case, there is the following result on Klyachko models of 
representations of GL(n,F). 

Theorem 1.1 (Heumos and Rallis, Offen and Sayag). Let G = GL(n,-F), where F is a nonar- 
chimedean local field. Let (vr, y) he any irreducible admissible representation ofG. We have the 
following: 

\n/2\ 

(1) ^ dimcHom/^(7r,rfc) < 1. 

(2) If F has characteristic and (tt, y) is unitarizable, then there exists a unique k such that 
dime Home (vr,rfc) = 1. 

Heumos and Rallis [6j proved that, if re = 2m, then for any tt, dime Hom//(7r, Tm) < 1; that is, 
any irreducible admissible representation has a unique symplectic model if one exists. They also 
proved that in this case, the set of admissible representations of GL(re, F) which have symplectic 
models is disjoint with the set of representations which have Whittaker models. Finally, Heumos 
and Rallis proved statements (1) and (2) of Theorem 11.11 for re < 4 and conjectured that these 
statements hold for all re. Theorem 11.11 was proved completely by Offen and Sayag in a series of 
papers [lEKTO]. 

Now notice that the groups G^ are also subgroups of the special linear group SL(re, F). In 
this paper, we study Klyachko models of the group SL(re, when F is a nonarchimedean local 
field. Since there is more than one orbit of nondegenerate characters of the unipotent subgroup 
of SL(n,-F), we must consider conjugates of the characters ipk in (|1.2p in these models. Our 
main result. Theorem 12. 11 is the analogue of Theorem 1 1.1 1 for the special linear group. The main 
difference in the result is in the statement of uniqueness and disjointness of Theorem l2.lt where 
we can only obtain uniqueness and disjointness of Klyachko models up to conjugation of the 
character ipi^ by a certain group. 

We give two applications of Theorem 12. 1[ In the first. Corollary 12.11 we relate the type of 
the Klyachko model of a representation of SL(re, F) to the size of the L-packet containing that 
representation. In the second. Corollary 13.11 we describe when a self-dual unitarizable represen- 
tation of SL(re, F) is orthogonal and when it is symplectic. 

Acknowledgments. The first-named author was supported by NSF grant DMS-0854844, 
and the second-named author was supported by NSF grant DMS-0854849. 

2 Klyachko models of special linear groups 

From now on, we let F be a nonarchimedean local field, let G = GL(re, F), let H = SL(n,F), 
and let Gk be as in (fTT]) for each k such that <2k <n. Note that G = Ht<D, where D ^ F"^ 
is the group of matrices of the form diag(x, 1, ... 1) for x € F^ . We will often identify G/H 
with D and hence with F^ . Note that D normalizes each Gk, and H contains each Gk- The 
open subgroup HZ of G is normal, and G/HZ = D/D" = In particular, HZ has 

finite index in G. 
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Let {p,W) be a representation of H. By [131 Prop. 2.2], there is an ff-embedding of {p,W) 
as a direct summand of some irreducible admissible representation (vr, V) of G. Then W is stable 
under the action of Z; hence we can view p as a representation of HZ. From results in [21 113j . 
we know that if p is a unitarizable then (vr, V) can also be taken to be unitarizable. 

Let {p, W) be a representation of H. Given any g £ G, define ^p to be the representation of 
H on W given by ^p{h) = p{g~^hg). Denote by G{p) the subgroup {g G G\^ p = p} of G. We 
note that G{p) contains HZ, hence is of finite index in G. We let D{p) = D n G{p). 

If g G normalizes G^, and ip is a character of Gk, denote by ^ip the character a i— > ip{g~^ag). 
For every x E , and k such that < 2k < n, define a character ^ipk on Gk, with the same 
notation as in ()1.2p . by 

(n-2fc-l \ 

If 5 G G normalizes Gk and has image x € under the map G G / H = D = F^ , we have 
that = ^V'- We first prove a lemma relating models for representations of G with those of H. 

Lemma 2.1. Let {p,W) be an irreducible admissible representation of H and let {tt,V) be an 
irreducible admissible representation of G that contains {p, W) upon restriction. Suppose that 
for some j ^ D and some k with < 2k < n, {p, W) embeds in Ind^^ Ci^k)- Then (tt, V) embeds 
in Tk. 

Proof. Since p embeds in Indg^C^Vfe)) we have by Frobenius reciprocity, 

BomHzipMd^^CA)) / (0), 
where we view /? as a representation of HZ as discussed above. Inducing to G, it follows that 

HomG(Indg^(p),Indg^r^fc)) / (0). 

This implies that one of the constituents vro of Ind^^(/>) embeds in Tk. By jl3l Cor. 2.5], ttq is 
isomorphic to a twist of vr by a one-dimensional character of G. Since characters are trivial on 
Gk, it follows that vr also embeds in T^. □ 

We now prove our main result. 

Theorem 2.1. Let H = Sh(n,F), where F is a nonarchimedean local field. Let {p,W) be an 
irreducible admissible representation of H . We have the following: 

(1) For any 7 G Z?, 

Ln/2J 

dimcHomH(p,Indf^rVfc)) < 1- (2.1) 

fc=0 

Moreover, if this sum is nonzero for some 7 G D, then such a j is unique modulo D{p). 

(2) If F has characteristic and p is unitarizable, then there exists a unique integer k and 
7 G D (unique modulo D{p)) such that dime Hom//(/9, Ind^^ ('^'(/'fc)) = 1. 

Proof. Let {p,W) be an irreducible admissible representation of H and let 7 G -D. Let (vr,y) 
be an irreducible admissible representation of G in which [p, W) embeds as a direct summand. 
If vr has no Klyachko model, then Hom//(p, Ind^f C^ipk)) must be trivial for all integers k by 
Lemma |2. 11 so (|2.ip holds. Hence suppose from now on that tt embeds in Tk for some integer k 
with <2k <n. 
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Viewing p as a representation of HZ as above, Mackey's theorem [H Exer. 4.5.5] implies 
that we have an isomorphism 

muiG{lTid%z{p),Tk)= Homc.CV.V'fc)- (2.2) 

5eG/HZ 

A straightforward argument using Mackey's theorem shows that Ind^^(p) is the direct sum 
of {G{p) : HZ) irreducible admissible representations of G, each of which is obtained from vr 
via twisting by an appropriate one-dimensional character of G 113\ Cor. 2.5, Prop. 2.7]. Since 
characters of G are trivial on Gk, each of these representations occurs with multiplicity one in 
Tfc since vr does. Thus the dimension of the space on the left-hand side of (j2.2p is {G{p) : HZ). 

Now consider the right-hand side of (j2.2p . As S ranges over G/HZ, ^ p ranges over [G : G{p)) 
distinct representations of G, each one occurring {G{p) : HZ) times. Hence the right-hand side 
of (|2.2p is a direct sum of {G{p) : HZ) copies of 

HomG,(W'fc). 

<56G/G(/3) 

Together with the preceding paragraph, this implies that 

dime (Home, (V, V'fc)) =1- (2-3) 

5eG/G(p) 

Note that 

HomG,(V,^fc) = HomG,(/9,^"Vfc) = Hom^lp, Indg^ Vfc)). 

Also note that we may assume that our representatives for the cosets in G/G{p) lie in D. Thus 
we can rewrite (12.311 to obtain 



dime (HomH(p, Indg^(Vfe))j = 1. 

5eD/D(p) 

This implies that there is a 7 G £), unique modulo D{p), such that Hom/^ (p, Ind^^ ('^V'fc)) is 
nontrivial. This forces Homj|/(/9, Ind^^ ('''V'fc)) to be one-dimensional. 

Now suppose p also embeds in Ind^^ (^V'z) for some integer I and 5 £ D. Then Lemma l2. II 
implies that vr also embeds in Ti, which forces I = k hy the uniqueness of the Klyachko model 
of vr. This concludes the proof of (1) in the case that tt has a Klyachko model, and shows that 
in this case (j2.ip is an equality. 

Now suppose that p is unitarizable. Note that statement (2) now follows from (1) as soon 
as it is shown that the representation vr has a Klyachko model. But by \13\ Prop. 2.2, 2.7], we 
may assume that tt is itself unitarizable. Hence by Theorem I l.H vr has a Klyachko model. □ 

We will say that the representation poi H possesses a Klyachko model if Hom//(/9, Ind^^C'V'fc)) 
is nontrivial for some integer k and some 7 E D. Note that Theorem 12.11 can be adjusted to be 
a statement for Klyachko models for the finite group SL(n,Fg), which sharpens the results in 
[a Prop. 1]. 

We will need the following for an application of Theorem 12.11 
Lemma 2.2. Let k he an integer, < 2k < n and let d = {2k, n). Suppose ^ is a character 

ln-2fe X X Mn-2k,2k{F)\ ■ Then the equivalence class of 



of Gk that is trivial on 
Indg (ijj) is stable under conjugation by D 



l2fe 
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Proof. Suppose 5 G -D". Since det6 is an nth power, 5 S HZ. Thus 

^(Indf^W)-Indg^(V). 

Thus I?" stabihzes the equivalence class of Ind^^(V'fc)- 

Now suppose 6 G £)"-2fc gQ ^jjg^^ j _ diag(a"'~^'^, 1, . . . , 1) for some a G F^. Let a = 
diag(a, . . . , a, 1, . . . , 1) G G, where the blocks of a's and I's have respective lengths n — 2k and 
2k. Note that 6 G o-ff and that conjugation by a fixes ip. Thus 

^(Indg^,(^)) = "(Indg,(^)) = Indg.rV') = Indg,(V'). 

Therefore, D^~'^^ stabilizes the equivalence class of Ind^^ (V') • 

It follows from the preceding paragraphs that the group generated by Z?" and D"'^'^^ stabilizes 
the equivalence class of lndQ^{ip). To complete the proof, note that this group is precisely 
D'^. □ 

The Local Langlands Correspondence for GL(n) [H[5] gives a bijection from the set of equiv- 
alence classes of irreducible representations of G to a set consisting of certain n-dimensional 
complex representations of the Weil-Deligne group W'p of F. The existence of the Langlands 
Correspondence for SL(n) follows from this by the work of Gelbart and Knapp [3]- Here the 
equivalence classes of irreducible representations of H are parameterized by certain homomor- 
phisms from Wp to PGL(n, C). Moreover, in the case of SL(n), the correspondence is now 
many-to-one; the fibers of the parameterization are the L-packets of H. In [31 Thm. 4.1], it is 
shown that the L-packets of H coincide with the orbits of G on equivalence classes of irreducible 
representations of H. Thus if p is an irreducible admissible representation of H, the size of 
the L-packet containing p is precisely (G : G{p)) = {D : D{p)). The following result gives a 
relationship between the Klyachko model of a representation p H and the size of the L-packet 
containing p. 

Corollary 2.1. Let k be an integer, < 2k < n. Let d = {2k, n). If the irreducible admissible 
representation p of H occurs in Ind^f^ ('''V'fc) for some 7 G -D, then C D{p). In particular, 
the size of the L-packet of p is at most the index of (F^)'^ in F^ . Thus if d = 1, then p must 
be stable, that is, the L-packet containing p is a singleton. 

Proof. Recalling that D = F^ , the second and third statements follow immediately from the 
first, which we now verify. It follows from Lemma [2. 2 1 that D'^ stabilizes IndQ^(^tpk)- Let 5 G D'^. 
Then p occurs in lndQ^{'^^^l^k)■ By the uniqueness statement in Theorem 12. 11 we must then have 
that 7(5 G -/D{p) so 6 £ D{p). □ 

3 Self-dual representations 

Let G be a totally disconnected locally compact group with (vr, V) an irreducible admissible 
representation of G, and l a continuous automorphism of G such that is the identity. Let 
(tt, V) denote the smooth contragredient of (vr, V), where V is the smooth dual of V , and define 
the representation ('vr, y) by ^vr = tt o l. From Schur's Lemma, the representation vr satisfies 
^TT = vr if and only if there exists a nondegenerate bilinear form, unique up to scalar multiple, 
say i? : F X y ^ C, such that 

B{'jr{g)v, ''TT{g)w) = B{v, w) for ah v,weV,geG. (3.1) 
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It follows that B must be either symmetric, in which case we write et(vr) = 1, or skew-symmetric, 
in which case we write et(vr) = —1. If 'vr ^ tt, then we let et(vr) = 0. When l is the trivial 
automorphism, then '"ir = tt = fr just means that vr is self-dual. In this case, we simply write 
e(7r) for et(7r). If tt is self-dual and e(7r) = 1, we say vr is orthogonal, and if e(7r) = —1, we say tt 
is symplectic. 

We begin with the following, which is a slight generalization of [12^ Lemma 2.1]. Since the 
proof is virtually identical to the proof in [12j , we just give an outline. 

Lemma 3.1. Let (vr, y) be an irreducible, admissible, and unitarizable representation of the 
totally disconnected locally compact group G, and let l be a continuous automorphism of G such 
that is the identity. Then et(vr) = 1 if and only if there exists a conjugate linear automorphism 
If : V ^ V such that ip^ = 1, and ip{''TT{g)v) = TT{g)f{v) for all v £ V and all g £ G. 

Proof. Since (vr, y) is unitarizable, there is a positive definite Hermitian form (•,•) on V which 
is G-invariant. First assume there exists a conjugate linear automorphism ip on V with the 
above properties. If we define a bilinear form B by B{v,w) = {v,ip{w)), then it follows that B 
is nondegenerate and satisfies (j3.ip . To prove that B is symmetric, it is enough to show that 
{v,w) = {ip{v), ip{w)) , which follows from the uniqueness of (•, •) up to positive scalar multiple. 

Conversely, suppose that B is a nondegenerate symmetric form on V which satisfies (|3.ip . 
Any element of the smooth dual y of y is of the form (•, it^), for a unique w €V. For any w £ V, 
the map u i— > B(u,w) is a smooth linear functional of V, and so there is a unique w' such that 
B(u,w) = {u,w'). This defines a conjugate linear map w ^ w' on V. Now, we must have 
{v,w) = X{v',w'), for all v,w £ V and for some positive real number A, by uniqueness of the 
Hermitian form (•, •). If we define (p{v) = \fXv', then ip : V ^ V has the desired properties. □ 

The next result is a generalization of [121 Cor. 2.2], and we again use an argument very 
similar to the one appearing there. 

Lemma 3.2. Let (vr, V) be an irreducible, admissible, and unitarizable representation of G, let 
L be a continuous automorphism of G such that is the identity, and let H be a closed subgroup 
of G which is stable under l. Let ip be a one- dimensional representation of H such that '"ip = ip, 
and such that dime IIom/f(vr, ^/)) = 1- If'T^ — ^i then e(,(vr) = 1. 

Proof. Let (•, •) denote the G-invariant Hermitian form on V . We know that ''vr = vr, and 
say T : V ^ V is the corresponding intertwining operator. There is also a conjugate linear 
isomorphism L : V ^ V given by L{w) = {-^w), and note that L satisfies L{Tr{g)v) = Tt{g)L{v) 
for all g £ G, V £ V. Then rj = L^^ o T is a conjugate linear automorphism of V satisfying 
r]{'"7T{g)v) = vr((7)?7(f ) for all g £ G, v £ V. By Schur's lemma, we must have r]'^ = a, where a is 
some nonzero complex scalar. 

Now, let i £ Hom//(vr, ■0), and define ^ : F — > C by i{v) = i{r]{v)). Then, for any h £ H, 
V £ V, we have 

£(7r{h)v) = £('TT{h)rj{v)) = '%b{h)i{ri{v)) = ^{h)£{v), 

since r/(vr(/i)f ) = '"K{h)r]{v) and ''tp = tp. So, £ £ Hom//(vr, and we must have £ = X£ for some 
nonzero complex scalar A. Since we then have £{r]{v)) = X£{v) for all v, then by substituting 
r]{v) for V, and from the fact r]'^{v) = av, we obtain ai{v) = XX£{v). We now have a = XX, and 
we define ip = X~^ri. Now, ip : V ^ V is a conjugate linear automorphism such that cp'^ = 1 and 
ip){'"7r{g)v) = 7r{g)ip{v) for all g £ G, v £ V. By Lemma [3T| we have et(vr) = 1. □ 

If (vr, V) is an irreducible admissible representation of G, and z is an element of the center 
of G, then it follows from Schur's lemma that vr(z) acts as a scalar on V, which we denote by 
uJt^^z). The next result follows directly from [14, Prop. 2]. 
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Lemma 3.3. Let s £ G such that = z is in the center of G. Define the automorphism l on G 
by L-{g) = s^^gs, so is the identity. Then for any irreducible admissible representation (vr, V) 
of G, we have e(7r) = ujT^{z)e^{Ti). 

In [m Sec. 3, Ex. (2)], Prasad describes when a generic self-dual representation of SL(n, F) 
is orthogonal and when it is symplectic (excluding the case that n is 2 mod 4 and F does not 
contain a square root of —1). Here, we extend these results to include any self-dual irreducible 
admissible representation which is unitarizable. 

Corollary 3.1. Let F be a nonarchimedean local field of characteristic 0, and let (vr, V) be a 
self-dual, irreducible, admissible, and unitarizable representation of H = SL(n,F). Then 

(1) If n is odd or n = O(mod 4), then e(7r) = 1. 

(2) If n = 2{mod 4) and F contains a square root of —1, then e(7r) = 1 if and only if the 
central element —I of SL{n, F) acts trivially on V, that is, e(7r) = UTr{—I). 

Proof. By Theorem 12. ir 2). there exists a k, < 2k < n, and a j €z D, such that 

dime Home (vr,Indgj'^V'fc)) = dime Homc^^ (tt, '^V'fc) = 1- 

If n = O(mod 4), then define s = diag(— 1, 1, . . . , — 1, 1); if n = 3(mod 4) then define s = 
diag(— 1, —1); and if n = l(mod 4), then define s = diag(l, —1, . . . , —1, 1). Then s G 

H, s"^ = /, and if we define t on by L{g) = s~^gs, then Gfc is stable under l. We have 
'^'ipk{s~^hs) = '^ipk{h) for every h £ G^, and ''vr = vr = vr, since vr is self-dual. By Lemma[2]21 we 
have et(vr) = 1, and by Lemma [331 we have e(vr) = 1, as desired. 

Now suppose that n = 2 (mod 4), and that F contains a square root of —1, and say P G F 
such that = —1. Define s = diag(/?, —(3, . . . , /3, — /?), and define l on H hy i{g) = s~^gs. Then 

= — /, and Gk is stable under l. Like before, we have '^ijjk{s~^h.s) = '^ipkih) for every h £ G^, 
and also ''vr = vr. By Lemmas 13.21 and 13.31 we conclude that e(vr) = lo.j^{—I). □ 

Remarks. In }14l Sec. 6], the second-named author studies the values of et(vr), where vr is an 
irreducible admissible representation of GL(n,F), and l is the transpose- inverse automorphism 
composed with conjugation by the longest Weyl element. The statement in [141 Thm. 8] that 
et(vr) = 1 for all such vr does not have a complete proof there. What is actually proved is that 
if vr is an irreducible admissible representation of Gh(n,F), and there exists a character ip of 
the maximal unipotent subgroup such that ^ip = ip and vr has a unique ^'-degenerate Whittaker 
model, then et(vr) = 1. Also, the conclusion cannot be made in p3, Sec. 3] using similar methods 
that et(vr) = 1 for every irreducible representation vr of the finite group GL(n,Fg). However, 
this statement is already known to be true for the finite group GL(n,Fg), while this is still an 
open question for the p-adic group GL(n, F). 

For the statement in [14, Thm. 8] that e(vr) = 1 for every self-dual, irreducible, admissible 
representation vr of GL(n, F), the proof is complete. It is possible that similar methods could be 
used to extend Corollary [3TT] to all self-dual irreducible admissible representations of SL(n, F). 
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